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Abstract. We discuss the Euclidean limit of hyperbolic SU (2)-monopoles, 
framed at infinity, from the point of view of pluricomplex geometry. More 
generally, we discuss the geometry of hypercomplex manifolds arising as limits 
of pluricomplex manifolds. 



1. Introduction 

BPS monopoles have especially nice moduli spaces on the Euclidean and the 
hyperbolic 3-spaces. In particular, moduli spaces of framed Euclidean monopoles 
are complete hyperkahler manifolds (at least for the gauge group SU(2), or SU(N) 
and maximal symmetry breaking at infinity). On the other hand, the geometry 
of hyperbolic monopoles has been identified in [3] (building on an earlier work by 
Nash [8]), as pluricomplex geometry, i.e. given by a 2-sphere of complex structures 
without any anticommuting properties. In the present work, we aim to show how 
the pluricomplex geometry of hyperbolic monopoles converges to the hyperkahler 
geometry of Euclidean monopoles, as the curvature of the hyperbolic space tends 
to zero. An unexpected result of our analysis is that the geometry of Euclidean 
monopoles is richer than hyperkahler geometry: in addition to a 2-sphere of complex 
structures, there is, for each of these complex structures J, a preferred endomor- 
phism Aj of the tangent bundle, which anticommutes with J (and usually is not 
a complex structure). These endomorphisms Aj satisfy integrability conditions, 
and their existence can be viewed as a purely differential-geometric explanation of 
why the hypercomplex geometry of Euclidean monopoles is determined by algebraic 
curves of higher genus. 

The existence of such endomorphisms Aj is a more general phenomenon: they 
arise for any hypercomplex structure which is a limit of pluricomplex structures. 
We call such structures l-hypercomplex ("1" for limit), and discuss them in Section 
4.31 We think that they will repay further investigation, particularly those which 
we call strongly integrable, i.e. those, for which the endomorphisms Aj satisfy 
integrability conditions (just as for moduli spaces of Euclidean monopoles). 

We finish this introduction with some bibliographical comments. The Euclidean 
limit of hyperbolic monopoles has been discussed in detail by Jarvis and Norbury [B] , 
albeit with a different framing (in the interior rather than on the boundary). With 
our choice of framing (which is the one that leads to hyperkahler or pluricomplex 
geometry) , the twistorial description of the Euclidean limit has been given by Atiyah 
PQ. Finally, the limiting behaviour of spectral curves for charge 2 monopoles has 
been described by Norbury and Romao [9]. 
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2. Convergence of minitwistor spaces 

Hitchin [5] has shown that the space of oriented geodesies in a 3-manifold of 
constant curvature has a natural structure of a complex manifold. For R 3 , this 
complex manifold is TP 1 , while for the hyperbolic space H 3 it is P 1 x P 1 — A, 
where the two copies of P 1 correspond to the startpoint and the endpoint of a 
geodesic on the ideal boundary S 2 ~ P 1 of H 3 . 

We find it convenient, as do many other authors, to change the complex structure 
on the second factor to the opposite one, using the antipodal map. Thus, we identify 
the space of geodesies in H 3 with P 1 x P 1 — A, where A is the antidiagonal. 

There is a subtlety here: the identification of P 1 with P 1 implies a choice of 
a preferred point in H 3 . Indeed, we could use, instead of the antipodal map, an 
arbitrary antiholomorphic Mobius transformation / : P 1 — > P 1 . The geodesies 
beginning at £ G P 1 and ending at /(C) have a unique common point Xf. Observe 
that, under the identification of points in H 3 with real curves in P 1 x P 1 — Af 
(Af — {C>/(C)>C £ IP 1 }); the point xj always corresponds to the diagonal in 
P 1 x P 1 . 

In the case when / is the antipodal map, we denote Xf by xq. We now rescale 
the hyperbolic space with xo as preferred point. In other words, we consider the 
family (H 3 ,xq) of pointed hyperbolic spaces, with the scalar curvature of H 3 equal 
to —At. Its limit, as n — > 0, is the Euclidean 3-space (M 3 ,0). We want to describe 
the limiting behaviour of the spaces of geodesies as complex manifolds. Observe, 
that if 7„ is a sequence of geodesies in H% , corresponding to (CntVn) S P 1 X P 1 — 
A, and converging to a Euclidean geodesic 700, then (Cn>7n) convergences to a 
point (Coo, Coo) on the diagonal, since the two asymptotic directions of a Euclidean 
geodesic are opposite to each other. It is not hard to see that the limiting Euclidean 
geodesic 700 is the one we expect: corresponds to the point Voo £ T^A, where 
Woo is the limit of the direction between Q n and r\ n (this has been already observed 
by Norbury and Romao [9, p. 310]). In other words, if we choose coordinates (C, w) 
on TP 1 so that C is the affine coordinate on P 1 and w-§^ are the corresponding vector 

fields, then the geodesic 700 has coordinates (Coo, Woo), where = lim v '^-" ■ The 
reason for the square root is that the rescaling by t changes the scalar curvature by 
t 2 . 

The convergence of minitwistor spaces has been also described (in slightly dif- 
ferent terms) in Atiyah's paper [TJ p. 19-21]. 

2.1. A holomorphic description. We now give a description of the above in 
terms of deformation theory. We shall construct a complex 3-manifold X fibreing 
over C, so that the fibre over is TP 1 , all other fibres are isomorphic to P 1 x P 1 — A. 
More precisely, we require X and the holomorphic projection 7r : X — > C to have 
the following properties: 

• 7r is a holomorphic submersion. 

• 7r _1 (0) is isomorphic to TP 1 . 

• There exists a biholomorphism 4> : X — 7r _1 (Q) — > (P 1 x P 1 — A) x C*, the 
restriction 4> t of which to each fibre 7r _1 (i) maps this fibre to (P 1 x P 1 — 
A) • 

• If x n is a convergent sequence of points in X, such that t n — ir(x n ) — > 0, 
then 4>t n {x n ) converges to a point on the diagonal A C P 1 x P 1 . 
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• There is a real structure on X, compatible with the above. 

Remark 2.1. The last property means that the real structure a on X induces the 
standard real structure on 7r _1 (0) ~ TP 1 , it intertwines a and the complex conjuga- 
tion on C, and </> intertwines a and the standard real structure on (P 1 x P 1 — A) X C* 
given by 

(2.1) (7o(C,»7,t) = (-l/»?,-l/C,*)- 

We construct X by glueing two charts 

E7b = {(C,tM) eC 3 ; |C| 2 +i<+1^0}, 

U x = {(C, w, t) g C 3 ; |C| 2 + &SC + 1 + 0}, 
over £, £ ^ 0, £ + tw, C, + tw ^ Q via the transition map: 

^ <4 ^(ctS^c' f=i - 

We have a holomorphic projection 7r : A" — > C, 7r(£, io, i) = t and we write A t for 
7r _1 (f). The fibre Ao is TP 1 . For t ^ we can change the coordinates (C, iu) and 
(C, w) to (C, 77) and (C, 77); where 

(2.3) r) = C + tw, J? = C + 

It follows then that fj — and, consequently X t is biholomorphic to P 1 x P 1 — A 
for t ^ 0. The map (|2.3[) describes the biholomorphism (j>: 

(2.4) 0(C,w,O = (C, »;,*)• 

Finally, the real structure on X is defined by 

In coordinates (C,fi,i), t ^ 0, a is given by a((,r],t) — (— 1/77, — l/£,t), and so it 
coincides with ctq, given by (|2.ip . 



Remark 2.2 . We can compactify the t- variable by adding P 1 x P 1 — A corresponding 
to t = 00 . We denote the resulting complex manifold by X. The fibration n extend 
to 7r : X — > P 1 , and the real structure a extends to X. 

Remark 2.3. The manifold X can be realised as an open subset of P 3 with the 
induced real structure and it occurs in that guise in the paper of Atiyah [Ij. Our 
description, given above, is more suitable to pluricomplex geometry. 

2.2. Convergence. We wish to make explicit the relation between curves in X and 
points in hyperbolic spaces of varying curvature. We identify -ff 3 (the hyperbolic 
space of scalar curvature — k) with the half space {(x,y,z) g R 3 ; z > — ^J— 1/n}, 
equipped with the metric 

r 2 

(2.6) ds 2 = -7T (dx 2 + dy 2 + dz 2 ), where r = J-I/k. 

(z + r) A 

Clearly _ff 3 convergences to the Euclidean R 3 on subsets on which z remains 
bounded. 
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A point (x,y,z) € H K corresponds to the curve in P 1 x P 1 — A, given by the 
equation 

(2.7) ^ + " 2 + ?y2 + (z + r)2 C-^^^ = 

(see [7] or [§] for the case k = 1). Multiplying (I2.7[) by r and regrouping yields 

(2.8) (x + iy) + 2zC, -{x- iy){r) + r(C -rj) + X +V +Z ( = 0. 

r 

We view this curve as embedded in X\i T . If we change coordinates back to £, 
where 77 = C + tw — £ + w/r, and let r 00, we obtain the limit curve (x + iy) + 
2zQ — (x — iy)( 2 — w — 0, which corresponds to (x, y, z) e M 3 . 

Thus, (T-invariant (1, l)-curves in X t correspond to points of Hf 2 , with the cor- 
respondence given by (|2~7| or (|2~5)l . with r = t~ l . Moreover: 

Proposition 2.4. Let C„ C X tn be a sequence of a -invariant (1, l)-curves, given 
by the equation a°° + a^°C — j-n + a}^Ci] = 0. Suppose that t n —> 0, and that 
a„ , a„ ,a„ — l/t n have finite limits A 00 , A 11 , A 10 . Then the points (x n ,y n , z n ) £ 
corresponding to C n converge to the point (x,y,z) € R 3 corresponding to the 
limit curve w = A Q0 + A W Q + A n ( 2 in X . □ 

3. Convergence of monopoles 

We recall [UG3E] that Euclidean or hyperbolic monopoles correspond to algebraic 
curves in corresponding minitwistor spaces, i.e. in TP 1 or in P 1 x P 1 — A. These 
curves satisfy certain conditions, the most important of which is the triviality of 
certain line bundle. In the case of hyperbolic monopoles of charge k and mass 
m, this is the line bundle 0(2m + fc, -2m - k) ~ 0(1, -l) 2m + k on P 1 x P 1 - A 
(the line bundle 0(1,-1) is topologically trivial on P 1 x P 1 — A and can be raised 
to an arbitrary complex power). In the case of Euclidean monopoles of charge k, 
this is the line bundle L 2 , with transition function exp(— 2w/£) in the standard 
coordinates (, w-^. 

We now combine these line bundles to define certain line bundles on X (a partial 
compactification of X, described in Remark |2 .2[) : 

• For every a,b € Z, the line bundle 0(a, b) has transition function C, a r] b if 
t ± and C a+b if t = 0. 

• The line bundle C has transition function (ij = + t^ ' if t 7^ 0, 
and exp(— w/C) if t = 0. 

This last formula requires explanation, as (77/C) ^* is not well defined unless 1/t 
is an integer. What the formula means is that C\x t = 0(l/t, —1/t). 

Thus, the line bundle C 2 (k, —k) ~ C 2 <E> 0(k, —k) restricted to X t is precisely 
the line bundle, the triviality of which is required for spectral curves of monopoles 
(this remains true even for massless monopoles, i.e. when t = 00). 

Remark 3.1. Once again, the line bundle C is essentially given in pQ, although only 
its restrictions C\x t are discussed there. 



We now wish to relate convergence of hyperbolic monopoles to a Euclidean one 
to convergence of corresponding spectral curves. 
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3.1. Families of monopoles. To capture the limiting behaviour of hyperbolic 
monopoles as their mass tends to infinity, we use a parameterised version of the 
Atiyah-Hitchin-Ward correspondence [H[S]. We consider the following manifold: 

(3.1) H = {(x,y,z,t) e R 4 ; zt > -1}, 

together with the projection p : (x,y,z,t) i-> t. We equip the vertical bundle 
Ker dp with the metric (|2.6|) . where r = 1/t. Thus, each fibre Ht = is 
has constant curvature — t 2 . We shall consider vertical parts of other differential- 
geometric objects, e.g. vertical p-forms flyJi and vertical forms with values in a 
vector bundle Q p v [E) = T (A V H ® E) . 

We observe that, since each H t , t ^ 0, is an upper half-space, we have chosen 
a preferred point on the ideal boundary of each hyperbolic space. Moreover, these 
points converge to a preferred point on the sphere at infinity of R 3 ~ Hq. It is 
given by the positive z-direction. 

We also observe that the ideal boundary of each T-Lt varies smoothly with t, and 
so, we can add the sphere at infinity 5 f ^ (i) for each t to obtain a smooth manifold 
with boundary, which we denote by %. 

We can now consider the Atiyah-Hitchin-Ward correspondence in families. On 
the one hand, a family of monopoles on hyperbolic spaces of curvature — t 2 (Eu- 
clidean for t = 0), of some differentiability class C r in t (we include here C w , i.e. 
analytic in t), can be viewed as an object defined on a principal SU (2) -bundle P 
over H: a pair (V, $) consisting of a section $ of adP and partial connection V 
(if E is the associated rank 2 complex vector bundle, then V : T(E) — > $l v (E) = 
T{TyT-L®E)), which define a monopole on each Ht- The C r -dependence on t 
translates into V and $ being C r with respect to t for t > 0. 

Moreover, since the Atiyah-Ward correspondence involves scattering along geodesies 
(OH]), we must require that the boundary conditions on the sphere at infinity 
also vary C r with t. In other words, $\s^(t) an d the J7(l)-connection V° on 
Soo(t) ~ tne boundary value of a hyperbolic or Euclidean monopole (cf. j4[ §5)) - 
must be C r in t. 

3.2. Families of spectral curves. The Atiyah-Hitchin-Ward correspondence as- 
sociates to a monopole on "Ht (which is Hf 2 if t ^ 0, and M 3 if t — 0) a holomorphic 
vector bundle E on X t , trivial on curves of the form (|2.8[) , fitting into the following 
two exact sequences (over X t ): 

-> £(0, -k) -> E^ £*(0, k) -> 0, 

C*(-k,0) -4 E -> £(fc,0) 0. 

The spectral curve 5* of the monopole is defined a subscheme where the two exten- 
sions coincide. Clearly, the line bundle £ 2 (fc, —k) is trivial on S. Furthermore, the 
(real) section of C 2 (k, —k)\s determines the above extensions, and consequently the 
monopole. 

Going through the proofs in [5] and [7] shows that these constructions depend 
smoothly on t. Thus a C r -family of framed monopoles with C r boundary con- 
ditions, as described in the previous subsection, will produce a family of spectral 
curves St C X t together with section s(t) of C 2 (k, —k) also C r in t. The inverse con- 
struction works as well. We can state the correspondence in a particularly elegant 
way, if we employ Nash's idea [8], of using the sections s(t) to lift spectral curves 
to the total space of £ 2 (fc, —k). To this end we shall denote by Zk the total space 
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of C 2 (k, —k) over X without the zero section, and by p : Zk — > P 1 the composition 
of the projection Zk — > X and it : X — > P 1 . We denote by r the real structure on 
Zk induced by a (which is defined on X). 
We write Z^ for > 0}. 

Proposition 3.2. TTie Atiyah-Hitchin-Ward correspondence induces a 1-1 corre- 
spondence between 

(i) C r (in t) families of framed monopoles, as described in the previous sub- 
section, and 

(ii) t -invariant surfaces S in Zt , C r in the t-variable, and such that St — 
iSnp -1 (t) is a lift of a monopole spectral curve (i.e. it satisfies the additional 
conditions required of a curve in X t to be the spectral curve of a monopole). 

4. Convergence of pluricomplex structures 

4.1. Pluricomplex structures. We briefly recall the definition and basic proper- 
ties of a pluricomplex structure [3] . 

Let V be a 2n-dimensional real vector space. Associated to V is its twistor 
space J(V) ~ GL(2n, M.)/GL(n, C), i.e. the space of complex structures on V. We 
denote by V 1,0 the tautological i-eigenbundle over J{V\ A pluricomplex structure 
is an embedding K : P 1 — > J{V) such that both K*V 1,0 and the quotient bundle 
C 2 ™ / K*V 1Q split into line bundles of degree — 1. This forces n to be even. 

To a pluricomplex structure one can associate a a-sheaf J- on P 1 x P 1 — A by 
considering a second pluricomplex structure K = — K o a and the embedding 

(K o myV 1 ' ® (K o ir 2 )*V h0 ^ C 2 ", 

of sheaves on P 1 x P 1 , where tti,tt2 : P 1 x P 1 — > P 1 are the two projections. The 
sheaf T is defined as the cokernel of this map and called the characteristic sheaf 
of the pluricomplex structure T . Its (scheme-theoretic) support S is a compact 
curve in P 1 x P 1 , called the characteristic curve of K. A pluricomplex structure is 
hypercomplex if and only if S is the diagonal in P 1 x P 1 (i.e. (S, Os) — (A, 0a))- 
Since both K*V 10 and K*V 1,0 split into 0(— l)'s, we can rewrite the exact sequence 
defining J 7 as 

(4.1) -> 0)®" ffi O(0, -1)®" 0® 2n -> T -> 0. 

As shown in [3], the map Af(C, rj) can be written (after fixing one complex structure) 
in the form 

(4.2) M(Cv) = ( X+ c CY nX-ir)* 

and isomorphic pluricomplex structures correspond to orbits of such M under the 
action of GL(n, C) given by 

The characteristic curve S is now defined (as set) by the equation 

(4.3) S = {(C, ij); det M(C, r?) = 0} = {(0 »/); det^nX - Y)(X + (Y) + (i) = 0}. 
In this setting, K is hypercomplex if and only if Y = and XX = — 1. 
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4.2. Limiting behaviour. Suppose that we have a sequence of pluricomplex struc- 
tures on V converging to a hypercomplex structure. The characteristic curves will 
converge to the diagonal A in P 1 x P 1 , but there is additional data: if the tangent 
directions have a limit, then they will define a curve in TA ~ TP 1 . Similarly, we 
expect that the characteristic sheaves J- will converge to a f-dimensional sheaf on 
TA. In other words, we expect that a hypercomplex structure, which arises as a 
nontrivial limit of pluricomplex structures, carries more information than just the 
hypercomplex structure itself. 

Let us be more precise. Let Kt, t G I, be a family of pluricomplex structures 
K t , where G I C K and is an accumulation point of /. We suppose that Kq is 
a hypercomplex structure and Kt —¥ Kq as t — >• 0. In addition, we suppose that 
(K t -K Q )/t has a limit A : P 1 -> End V as t -> 0. Observe that A{£) G T Ko(c) J{V), 
i.e. A(() anti-commutes with Ko(Q for every £. 

Using the matrix description of the previous subsection, let us identify Kt 
with pairs of matrices (X t ,Y t ). Thus Yq — and XoXo = —1. We write P = 
lim t _y Xt ~ x ° , Q = lim t _j. t ■ Modulo t 2 , equation f|4.3[) defining the characteris- 
tic curve can be rewritten as 

det ((C -rf) + tr,X (P + CQ) + t{ v P - Q)X ) = 0. 

Replacing r\ — £ = tw, and dividing the above by t, we see that the characteristic 
curves St converge to an So C TP 1 defined by 

S Q - {(C,w) G TP 1 ; det(wl + QX Q - (X Q P + PX )( - X Q( 2 ) = 0} . 

In other words, the characteristic curves define a "surface" in Xj = 7r _1 (7) c X, 
which is C 1 at t — 0. To see the corresponding convergence of sheaves J~t, we observe 
that the characteristic sheaf of a pluricomplex structure K is also the cokernel of 
the map 

(KoinYV 1 - ^C 2n /(Koir 2 )*, 

defined as the composition of the embedding into C 2 ™ and the natural projection. 
If we rewrite this map in terms of X and Y, we shall obtain: 

(4.4) -»• 0(-l, 0)®" O(0, 1)®" T -> 0, 
where C*(C, rj) = (r]X - Y)(X + (Y) + CP Thus, for X t , Y t as above, 

(4.5) lim Ct ^^ = - W I - QX + (X P + PX Q )C + X QC 2 , 

and the characteristic sheaves Tt converge to a sheaf Tq on TP 1 defined as cokernel 
of this map. 

We wish to formalise the above statements using the manifold X defined in 
section 12.11 In order to avoid talking about "sheaves which are C 1 in t- variable" , 
let us assume that / is an open interval and that K t defines an analytic map 
K : I x P 1 — > J{V). We can view K and other objects defined on / as living in the 
CR-category. We can the rephrase the above as follows. 

Proposition 4.1. Let I C K be an open interval containing 0. There is 1-1 
correspondence between 

(i) CR-maps K : I x P 1 — > J(V) such that K(0, ■) is hypercomplex and K(t, ■) 
is pluricomplex for t ^ 0, and 
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(ii) coherent CR-a -sheaves T on Xi = ir C X such that, for every t £ I, 
J-\x t is 1- dimensional and 

H*(X t , J"(-2,0)) = H*(X t ,F(0,-2)) = H*{X t , -1)) = 0, 

where J- (a, b) — T ® 0(a, b), and C(a, b) has been defined at the beginning 

4.3. The geometry of pluricomplex limits. As already mentioned above, a 
hypercomplex structure, which arises as a C 1 -limit of pluricomplex structure carries 
more information than just a triple of anticommuting structures. The limit A : 
P 1 -> EndV of (K t - K )/t is a map from P 1 -> TJ(V), such that A(Q £ 
T Ko ^- ) J'(V), i.e. A(() anti-commutes with K(Q for every (. Let us therefore 
adopt the following definition: 

Definition 4.2. Let V be a vector space. An 1-hypercomplex structure is a holo- 
morphic map A : P 1 — ► TJ(V) such that it o A is a hypercomplex structure (here 
7T : TJ(V) -> J(V) is the base map). 

In other words, an 1-hypercomplex structure ("1" for limit) is a lift of a hyper- 
complex structure to TJ(V). Clearly, any hypercomplex structure defines trivially 
an 1-hypercomplex structure (as a zero section), but the previous section shows that 
a limit of pluricomplex structures will usually be non-trivial. 

Let us consider such an Z-hypercomplex structure A, and denote by K the hy- 
percomplex structure it o A. We extend linearly A(Q to V c and consider the map 
A(C) '■ Vf- ' — > V C JV ( - ' , obtained as restriction of A(£) composed with the natural 
projection (V^ ' consists of vectors of type (1,0) for K(£)). Thus, we obtain a 
bundle map A : V 1 - -> V c /V 1 ' over ^(P 1 ). 

In addition, if L ( = (K(C) 6 End^; K((') ° K(Q = -K(Q o K ((')), then L 
is a holomorphic line bundle over ^(P 1 ), isomorphic to TP 1 . We pull-back V 1: ° 
and V c /V 1 ' to the total space of L. Since any K{Cf), which anticommutes with 
K(C), maps y c 1,0 to V^ ' 1 , we obtain a tautological map 1 : V 1 ' -> V c /V 1 ' on 
Tot(L) ~ TP 1 . The map A — X on TP 1 is an isomorphism for a generic fibre, and 
we obtain an exact sequence of sheaves: 

(4.6) o^y wA 4v c /^^j4 0. 

If K is written as in (|4.2|) . using matrices X, Y, so that A(Q is identified with 
P + QQ for some n x n complex matrices P, Q, then A has the form as in (|4.5j) : 

A = -QX + (XP + PX)C + XQC 2 , 

and X is simply wl, where w is the fibre coordinate of TP 1 . Thus gU) can be 
rewritten as an exact sequence of sheaves on TP 1 : 

(4.7) 0->O(-l)®" A( ^ wI 0(l) @n -> J"^0. 

Observe that A is compatible with the natural real structure, i.e. A(— 1/£) = 
— j4(C)/C 2 - We can show, similarly to [3]: 

Proposition 4.3. There is a 1-1 correspondence between l-hypercomplex structures 
on C 2n and coherent 1- dimensional a -sheaves J- on TP 1 such that h (J 7 ) — In and 
H*(F{-2)) = 0. □ 
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As for pluricomplex structures, we call T the characteristic sheaf of an 1-hypercomplcx 
structure A and its support S the characteristic curve of A. The degree of A is the 
degree of S. 

L-hypercomplex structures of degree 1 are simply hypercomplex structures; for 
higher degrees, however, they carry additional information. 

We can recover A(Q from T as follows. The vector space V is identified with 
cr-invariant sections of T and the complex structure Jq corresponding to £q £ P 1 is 
obtained via the isomorphism (evaluation) ff°(J r ) cr ~ H°(Dq , J 7 ), where D^ is the 
divisor cut out by C — Co- Assume, for simplicity, that D^ (1 S consists of distinct 
points U\, . . . , life in 7f P . According to the above discussion, we can identify T^P 1 
with the complex line generated by complex structures J( anticommuting with J^ . 
If J' is one of those, then we can identify the points ui, . . . , Uk with wiJ',...,WkJ', 
for some complex numbers wi, . . . ,u>k- We have: 

y~ff°(D Co ,-F)~0ff°({ Ui },.F). 

i=l 

Let 7Ti denote the projection onto the i-th direct summand J 7 ). Observe 

that each of these summands is J^ -invariant, and, hence, can be thought of as a 
complex subspace (for Jf ). Then, for v G V: 

fe 

(4.8) A(Co)(«)-^^(J'v). 

i=l 

4.4. Strongly integrable l-hypercomplex structures. We recall, from [3], that 
a pluricomplex manifold M is called strongly integrable if M can be recovered as 
the parameter space of curves in a complex manifold Z fibreing over P 1 x P 1 — A, in 
such a way that the curve C m corresponding to m £ M is a lift of the characteristic 
curve S m C P 1 x P 1 — A of the pluricomplex structure on T m M, and the normal 
bundle of C m in Z is isomorphic to the characteristic sheaf T m . 

Similarly to the construction of Z in [3J , consider, for an l-hypercomplex manifold 
M, the following fibration over M: 

(4.9) Y = {(m, a;) G M x TP 1 ; x G S m } M, 

and the corresponding map p : Y — ► TP 1 . We shall assume that V is smooth (it 
is certainly smooth whenever S m is smooth) and that p is a submersion onto its 
image. For every £ G P 1 , we consider the subbundle T^' M of vectors of type (1, 0) 
for the complex structure K(Q, and the bundle map A(Q : T^Af ->■ T C M/T^'°M. 

Definition 4.4. An l-hypercomplex structure A is said to be strongly integrable 
if + Jm(w - A(0) is a subbundle of rVHC,™) for all (C,w) G Imp; and 
the resulting distribution V C T C F is involutive (i.e. [D,T>] C T>). A manifold 
equipped with a strongly integrable l-hypercomplex structure will be called strongly 
l-hypercomplex. 

Definition 4.5. The twistor space Z of a strongly integrable l-hypercomplex struc- 
ture is the space of leaves Y/V m , where T> R =VDV. 

Z is a holomorphic foliation, with a holomorphic map p : Z — > TP 1 , induced by 
p. Moreover, Z has an antiholomorphic involution r, which covers the involution 
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a, a(( 7 w) = (— 1/C) ~^/C 2 )- Each characteristic curve S m , m E M, descends to Z 
and its normal bundle in Z is isomorphic to J- m . 

As for pluricomplex structures [31 Theorem 6.6], we have: 

Theorem 4.6. Let Z be a complex manifold equipped with a holomorphic map 
p : Z — >• TP 1 and an antiholomorphic involution t : Z ^ Z such that p o t = a o p. 
Let C be a maximal connected subset of the Douady space Hz , consisting of complex 
subspaces S satisfying the following conditions: 

(i) pig is a biholomorphism onto its image p{S), which is a compact divisor of 
0(2k) for some k e N; 

(ii) the sheaf I = {p^g)*N s / z satisfies H*(p{S),F{-2)) = 0. 

Then C is a smooth manifold and its r-invariant part M = C T is equipped with a 
natural strongly integrable l-hypercomplex structure. Moreover the twistor space of 
M is the corresponding open subset of Z . □ 

4.5. Strongly integrable deformations. We can consider strongly integrable 
pluricomplex deformations of strongly integrable l-hypercomplex manifolds, similar 
to the linear deformation described in Proposition |?TTJ In order to state the precise 
result, we need a definition. 

Definition 4.7. A strongly integrable pluricomplex deformation is an analytic man- 
ifold A4, together with the following data: 

• An analytic submersion p : M. — > I, where / is an interval containing 0; 

• A CR-map K : P 1 — > j7(Keraj?), such that K induces a strongly integrable 
pluricomplex structure on A4 t = for t / 0, and a hypercomplex 
structure on A4o = p _1 (0). Moreover, ^|t=o is a strongly integrable 1- 
hypercomplex structure on AAq. 

The following result follows from the definition and basic deformation theory. 

Theorem 4.8. There is a natural 1-1 correspondence between strongly integrable 
pluricomplex deformations p : M. — > /, and CR- submersions tt : Z — > / , equipped 
with a CR-map p : Z —5- Xj = 7r _1 (/) C X, and an antiholomorphic involution r 
such that p o t = a o p. □ 

Remark 4.9. We can always extend everything into the complex domain, and so we 
can consider instead complex manifolds Z with a holomorphic submersion Z — > D, 
where D is a neighborhood of / in C. 

4.6. Geometry of monopoles revisited. Moduli spaces of monopoles fit very 
well into the above theory. The moduli space Mk of framed Euclidean SU(2)- 
monopoles of charge k has a strongly integrable l-hypercomplex structure. Its 
twistor space Zk is the total space of the line bundle L 2 over TP 1 without the zero 
section. The moduli space Mk is obtained as in Theorem 14.61 where the complex 
subspaces S are lifts of spectral curves of monopoles to Zk- Results of Nash [8] 
show that the conditions of this Theorem (in particular, the condition (ii) on the 
normal bundle) are satisfied. 

The resulting l-hypercomplex structure on Mk is essentially described in (|4.8I) . 
Fix £ and identify the moduli space with based rational maps p(z)/q(z) of degree 
k. On the subset where the poles 771, . . . , rjk are distinct, we have local coordinates 
r)i,p(r)i), i = 1, . . . , k. The projection 7^ used in (|4.8j) is simply the map p(z)/q(z) M> 
{ViiPiVi))- 
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Furthermore, moduli spaces of hyperbolic monopoles with varying mass form a 
strongly integrable deformation of Mk, as defined in the previous subsection. On 
the one hand, we can, as in H3.H define a smooth manifold M.k fibreing over R, such 
that the fibre over t is the moduli space of framed monopoles on the hyperbolic 
3-space with curvature —1/t 2 . On the other hand, we have the complex manifold 
Zk, defined ( fl3.2p as the total space of £(k, —k) over X without the zero section, 
equipped with a fibration p : Zk — > P 1 . We would like to say that Aik and Zk are 
an example of Ai and Z in Theorem 14. 8 1 but at present we can only say this about 
their open subsets. The problem is that we do not know whether the pluricomplex 
structure on moduli spaces of hyperbolic monopoles is everywhere nonsingular. 
More precisely, we do not know whether the normal bundle N in of a lift S 

of a spectral curve of a hyperbolic monopole always satisfies H*(S, N(— 2, 0)) = 
(cf. [3] for partial results and discussion). Still, since the normal bundle of a lift of 
the spectral curve of a Euclidean monopole to p _1 (0) satisfies H*(S,N(—2)) = 
[8], it follows that there is an open neighbourhood of p _1 (0) in Zk where lifts 
of hyperbolic spectral curves satisfy H*(S, N(— 2, 0)) = 0, i.e. the geometry is 
pluricomplex. Thus, there exist open neighbourhoods Ai%,Z%. of the fibres over 
t = in Aik and in Zk (i.e. of Mk and Zk) which correspond to M. and Z in 
Theorem EE 

Remark 4.10. We finish with few words about the limit t — > oo, i.e. when the 
mass of a monopole tends to zero. It has been shown in [3] that the moduli space 
of massless monopoles of charge k is not pluricomplex. What happens is that the 
matrices X and Y defined in (|4.2j) acquire singularities as t —¥ oo. The limiting 
geometry is weaker than pluricomplex: in the notation of H4.ll it is given by an 
embedding K : P 1 — > J(V) such that K* V 1 ' still splits into line bundles of degree 
-1, but the quotient bundle C 2n /K* V 1 ' does not. 

References 

[1] M.F. Atiyah, 'Magnetic monopoles in hyperbolic spaces' in: Vector bundles on algebraic 
varieties (Bombay, 1984), 1—33, Tata Inst. Fund. Res., Bombay, 1987. 

[2] M.F. Atiyah and R.S. Ward, 'Instantons and algebraic geometry', Comm. Math. Phys. 55 
(1977), 117-124. 

[3] R. Bielawski and L. Schwachhofer, 'Pluricomplex geometry and hyperbolic monopoles', 
larXiv:1104.2270l 

[4] P.J. Braam and D.M. Austin, 'Boundary values of hyperbolic monopoles', Nonlinearity 3 
(1990), no. 3, 809-823. 

[5] N.J. Hichin, 'Monopoles and geodesies', Commun. Math. Phys. 83 (1982), 579-602. 

[6] S. Jarvis and P. Norbury, 'Zero and infinite curvature limits of hyperbolic monopoles', Bull. 
London Math. Soc. 29 (1997), 737744. 

[7] M.K. Murray and M.A. Singer, 'Spectral curves of non-integral hyperbolic monopoles', Non- 
linearity 9 (1996), no. 4, 973-997. 

[8] O. Nash, 'A new approach to monopole moduli spaces', Nonlinearity 20 (2007), no. 7, 1645- 
1675. 

[9] P. Norbury and N. Romao, 'Spectral Curves and the Mass of Hyperbolic Monopoles', Com- 
mun. Math. Phys. 270 (2007), 295-333. 
[10] R.S. Ward 'On self-dual gauge fields', Phys. Lett. A, 61 (1977), 81-82. 

School of Mathematics, University of Leeds, Leeds LS2 9JT, UK 
Fakultat fur Mathematik, TU Dortmund, D-44221 Dortmund, Germany 



